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Abstract. Let g be a simple Lie algebra and let S be the locally finite part of the algebra of 
invariants (Endc V<g>S(g)) B where V is the direct sum of all simple finite-dimensional modules 
for g and S(g) is the symmetric algebra of g. Given an integral weight £, let ^ = be 
the subset of roots which have maximal scalar product with £. Given a dominant integral 
weight A and £ such that is a subset of the positive roots we construct a finite- dimensional 
subalgebra S^(<* A) of S B and prove that the algebra is Koszul of global dimension at most 
the cardinality of Using this we then construct naturally an infinite-dimensional Koszul 
algebra of global dimension equal to the cardinality of ^. The results and the methods are 
motivated by the study of the category of finite-dimensional representations of the afline and 
quantum affine algebras. 

Introduction 

This paper is motivated by the study of the category of finite-dimensional representations 
of both the classical and quantum loop algebras associated to a simple Lie algebra q. This 
category is not semisimple and thus it is natural to investigate its homological properties. 
However, this category is both too large in the sense that it has too many simple objects and 
too small in the sense that it does not have enough projectives. This means that one of the 
classical tools of representation theory, namely replacing a category by the category of modules 
over the endomorphism ring of its projective generator, is not available to us. This tool plays 
a very important role in the study of the category O (cf. pQ and more recently [21 O [TT] [16| [T7] 
to name but a few) and in many other situations as well. It is also well-known that the 
endomorphism ring of a projective generator is often a nice associative algebra. For instance, 
in the case of category O that algebra is Koszul. Thus another motivation for this paper was 
to find an appropriate category of finite-dimensional modules which would allow us to use 
these methods. 

There are many important families of irreducible representations of the quantum affine alge- 
bra, such as the Kirillov-Reshetikhin modules (|13j) or more generally the minimal affinizations 
associated to dominant integral weights in the weight lattice of the simple Lie algebra ([!]), 
which on specializing to q = 1 become indecomposable modules for a truncated loop algebra 
([5]). In most cases, they are in fact modules for q <g> C[t ±1 ]/((t — l) 2 ) and admit a natural 
Z + -grading given by powers of (t — 1). In other words, some important families of modules 
can be regarded as Z + -graded modules for the finite-dimensional Z + -algebra q ix g a d, where 
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g a d has degree 1 and is an abelian ideal. It is therefore reasonable to restrict our attention to 
the subcategory Q2 of graded modules with finite-dimensional graded pieces over this quotient 
of the loop algebra. This category still has infinitely many simple objects but they are now 
parametrized discretely and admit projective covers. In fact, we show that every simple mod- 
ule has an explicit projective resolution, coming from the Koszul complex of the symmetric 
algebra of q, and this allows us to compute all Ext spaces. 

To construct interesting finite-dimensional associative algebras we have to pass to Serre 
subcategories which contain only finitely many simple objects. Using the description of the 
Kirillov-Reshetikhin modules in terms of generators and relations given in [8], one can 
naturally associate to such a module a subset of R + . This subset maximizes the linear 
functional on the dual of a Cartan subalgebra of 3 given by the scalar product with the ith 
fundamental weight U{. It is then natural to consider the case when u>i is replaced by an 
arbitrary integral weight £. We denote the corresponding set by These sets have many 

interesting combinatorial properties which are studied in [6]. For instance, in some cases the 
maximal possible cardinality of such a set equals the maximal dimension of a nilpotent abelian 
subalgebra of q which were computed already in [14J. 

Suppose now that £ is such that = VP(£) is contained in a fixed set of positive roots 
of q. This is always the case if £ is dominant and in fact in this case \E' defines an abelian 
ideal in the corresponding Borel subalgebra. We define a partial order <^ on the set of 
dominant integral weights which is a refinement of the usual partial order. Let £/2[<# A] be 
the subcategory of G2 consisting of objects whose irreducible constituents are in <q>. We show 
that £/2[<* A] has enough projectives and is of global dimension at most equal to |^| and 
the bound is attained if A is sufficiently dominant. The endomorphism ring of a projective 
generator of G2[<*B M admits a natural grading and we are able to prove by using the results 
of [2] that this grading is Koszul. We are also able to identify the endomorphism algebra 
as a subalgebra of g-invariants in the tensor product algebra Endc V ® S(q) where V is 
the direct sum of all simple finite-dimensional modules for q. Finally we prove that these 
algebras "approximate" an infinite-dimensional algebra which is also Koszul and describe the 
the corresponding Yoneda algebras explicitly. These algebras can be realized as path algebras 
of rather simple quivers with relations (cf. example in 11.71 and |10|). 

The paper is organized as follows. In Section [1] we formulate the main results of the paper 
and briefly explain the strategy for proving them. In Section [2] we study the fundamental 
properties of the category Q2 and a family of its Serre subcategories. In Section[3]we proceed to 
investigate the homological properties of the category Q2. The next two sections are dedicated 
to studying the endomorphism algebras and their quadratic duals. 

Acknowledgments. We are grateful to Arkady Berenstein, Bernhard Keller, Bertram 
Kostant, Bernard Leclerc and Sergey Loktev for many stimulating discussions. The second 
author thanks Jonathan Brundan for some pointers to the appropriate results in [2]. 

1. Main results 

Throughout this paper Z + stands for the set of non-negative integers and C denotes the 
field of complex numbers. All algebras and vector spaces, as well as Horn and tensor products, 
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are considered over C unless specified otherwise. If A is an associative algebra, we denote A op 
its opposite algebra. 

1.1. Let g be a complex finite dimensional simple Lie algebra. Fix a Cartan subalgebra f) 
and let R C P C f)* be, respectively, the set of roots and the weight lattice of with respect 
to h. Let (•, •) be the non-degenerate symmetric bilinear form on rj* induced by the restriction 
of the Killing form of g to h. Set / = {1, . . . , dim rj} and let a^, i G / be a set of simple roots 
and Ui, i £ I the corresponding fundamental weights. Let R + be the corresponding set of 
positive roots and let P + be the Z + -span of the fundamental weights. 

1.2. For A G P + , let V(X) be the unique, up to isomorphism, simple finite dimensional 
g-module with highest weight A and let V(X)* = Hom(V(A),C) with its standard g-module 
structure. Set 

v= v(\), v®= v(\y. 

\eP+ \eP+ 
Note that V® = V as a g-module. Define an associative algebra structure on V® ® V by 
extending linearly 

(f®v)(g®w) =g{v)f®w, v,w G V, f,g G V®. 

The natural embedding V® ® V — > End V (respectively, V® ® V — > End V®) of g-modules 
given by extending / (g> u i— > (to i— > f(w)v) (respectively, / (g> v i— > (5 i— > g(v)f)) is then an anti- 
homomorphism of associative algebras. In particular, for all A G P + we have isomorphisms of 
associative algebras 

V(A)* V(A) -» (End F(A)) op , F(A)* <g> V(X) -» (End F(A)*) op . 

The preimage of the identity element in EndF(A) op (or (End V(A)*) op ) is the canonical g- 
invariant element 1a of V(A)* (8> V"(A). 

Lemma. For A,/x G we /ictve 

1 A 1 A = 1 A , 1 A 1 M = 0, ^A 

cmc? 

1 A (V® ® V) = V(A)* ® V, (V® ® V)1 M = V® <g> V(jj). 

Proof. Observe first that (/ ® v) (g <8> w) = if v G V(i/), 5 G V(£)* with O^v. Write 1 A = 
® u »> 6 G F(A)*, u, G V(A). Then we have Y.i&( v ) u i = v for a11 u e V W and 
£\ ^/(uj) = / for all / G V(X)*. It follows that 1 A (/ ® u) = / <g> v for all / G V(A)*, u G V 
and that (5 <g> u)l A = g <g> u for all g G V®, « G V(X). Since V® ® V = ©„ )€gP+ V(i/)* <g> V(0> 
the assertions follow. □ 

1.3. Let j4 be any associative algebra with unity 1a and consider A = A® (V®<8>V). This 
is obviously an associative algebra. If A is a g-module algebra, that is the multiplication map 
A A — > A is a homomorphism of g-modules, then the usual tensor product action defines 
a g-module structure on A and the algebra multiplication is again a morphism of g-modules. 
By abuse of notation we let 1 A also denote the idempotent 1a <8> 1a in A. For A, fi G P + we 
have 

i x Ai li = A®v(\y ®v(n). 
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If the algebra A has a Z + -grading A = © fcgZ+ A[k] which is compatible with the g-action, 
then A has a natural grading given by 

A[k] = A[k] ® (V® (8) V). 

From now on we shall assume that A is a Z + -graded associative g-module algebra with unity 
and also that A[0] = CIa, dim A[k] < oo, k G Z+. 

1.4. Given \I/ C R + , let <^r be the partial order on P + given by: 

A <<ir n ijl - X G Z+*, 

where is the non- negative integer linear span of the elements of ^. This is a refinement 
of the usual partial order <=<#+ on P + . Given A,/i £ P + , set 

<$A = {i/eP + : v A}, A {v G P + : A <* i/}, 
[/x, A]* = (<* A) n (n 

The first set and hence the third are finite subsets of P + . 
For all A,jk e P + with A <^ fi, define 

d*(A,//) = min{^ rrig : /x - A = ^ € Z + }. 

Given A,/*G P + with A <^< /U, set 

A*(A,/x) = l A A[^(A,/x)]l jU 

and for F C P + , set 

A*(F)= A*(A,m). 

Clearly A#(A,//) and Ay(F) are g-submodules of A. The following Lemma is easily checked. 
Lemma. Suppose that ^ C i? + is suc/t i/iczi /or all X, fx,u E P + with A fx <q, v, we have 

d\&(X, n) + d^(fi, v) = d\s/(X, u). 
Then for all F C P + the g-submodule A$,(F) is a graded subalgebra of A. □ 

It is easy to construct examples of sets ^ satisfying the conditions of the Lemma. Thus for 
£ <E P, let 

max£ = max{(a, £) : a G i?}, = {a G i? : (£, a) = max£}. 

Clearly if £ / 0, we have 

max£>0, (*(£) + *(£)) n (R U {0}) = 0. 

Let * = *(£) and assume that * C -R+ (note that this holds if £ G P+). Then we see that 
for all A, /x, v G P + with A /x z/ we have 

d^(A, ju) + d$,(fi, v) = d^(A, v). 
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1.5. Let A be the submodule of g-invariants of A. For A, /u G P + , F C P + , and Vl/ C R + 

set 

A|(A, M ) = (A*(A,M))a, A|(F) = (A*(F)) . 

The following is clear. 

Proposition. (i) The submodule A zs a graded subalgebra of A and 

A 3 [k] = (A[k]) B . 

(ii) If ^ is a subset of R + such that for all A,/i,i^ G P + with A <^ fi u, we have 
d\&(\, n) v) = d^(\,v), then A|,(F) zs a graded subalgebra of A 3 for all F C P + . 

1.6. We denote T (respectively, S, E) the algebra A with A = T(g) (respectively, A = 
S(q), A = As); the g-module structure on A being given by the usual diagonal action. Our 
first result is the following. 

Theorem 1. Let £ G P be such that $ = f (() C R + . Let A be either S(g) or /\g. 

(i) Let /i, v G P + . The subalgebras A|,(<^ v), A^Qx <^) and A^([/z, z/]#) of A|, are 
Koszul. For A = S(q) all these subalgebras have global dimension at most and the 
bound is attained for some fi' , u' G P + with fi' <^ z/. 

(ii) The algebra A^,(P + ) is Koszul. Moreover, has left global dimension |^| and its 
quadratic dual is (E|) op . 

Remark. An alternative characterization of the sets ^(£) can be found in [6 J together with 
a complete list of such sets for q of classical types. In particular, one sees that as the rank of 
the Lie algebra varies one can find sets *(£) of arbitrary cardinality. As a consequence, we 
see that the Theorem implies the existence of an infinite-dimensional Koszul algebra of global 
dimension k for any k > 1. 

1.7. As an example of our construction, we produce an algebra of left global dimension 2. 
Assume that q is of rank greater than two and that q not of type A or C. Let 9 G R + 
be the highest root and choose io G / such that (6,ai ) > 0. Then 29 — cti G P + and 
^(20 — ai ) = {9,9 — a« }. In this case it can be shown that S|, is isomorphic to an infinite 
direct sum of copies of the algebra 53 defined as follows. Consider the following translation 
quiver 

(0,0) > (0,1) ► (0,2) > (0,3) ► • • • 



(1,0) 



(1,1) 



(1,2) 



(2,0) 



(2,1) 



(3,0) ► ••• 

the translation map being r(m,n) = (m — l,n), m,n G Z+, m > 0. Then 23 is the quotient 
of the path algebra of the quiver by the mesh relations. Thus, this algebra is an infinite 
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dimensional analogue of the Auslander algebra of the path algebra of type Aoo. Another 
example of a finite dimensional algebra from this family was already constructed in [7] . Other 
examples will appear in [10] . 



1.8. In the rest of the section we explain the motivation for the definition of the algebras 
A% and our strategy for proving Theorem [TJ We prove that S|j(<^ A) is isomorphic to 
the endomorphism algebra of a projective generator of a category of modules for a certain 
finite-dimensional algebra g x g a d defined as follows. As a vector space 

x Sad = © 0, 

and the Lie bracket is given by, 

[(x,y), (x',y')] = {[x,x% [x,y'\ + [y,x'\). 

In particular if we identify g (respectively, g a d) with the subspace {(x, 0) : x G g} (respectively, 
{(0, y) : y G 0}), then g a( j is an abelian Lie ideal in g x g a d- Define a Z + -grading on g x g a d by 
requiring the elements of g to have degree zero and elements of g a d to have degree one. Then 
the universal enveloping algebra U(g x g a d) is a Z + -graded algebra and as a trivial consequence 
of the PBW theorem, there is an isomorphism of vector spaces 

U(gxg ad ) = S(g)«>U(g). 

Our main motivation for the study of g x g a d as a Z + -graded Lie algebra stems from the easy 
observation that 

as Z + -graded Lie algebras, the right hand side being graded by powers of (t — 1). 



1.9. Let Q2 be the category whose objects are Z + -graded g x g a d-modules with finite- 
dimensional graded pieces and where the morphisms are g k g a d-module maps which preserve 
the grading. In other words a g x g a d-module V is an object of Q2 if and only if 

V = V[k], dimV[k] < 00, 
gV[k]cV[k], g &d V[k]cV[k + l}. 

If V,W G Ob £2, then 

Romg 2 (V,W) = {/ G Hom flKead (F, W) : f(V[k}) C W[k}}. 

We prove that simple objects in this category are parametrized by the set A = P + x Z + . 
For (A, r) G A let V(X, r) be an element in the corresponding isomorphism class. We then 
prove 

Proposition. For all j > 0, (/i, s), (A, r) G A, 

A I U, otherwise. 
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1.10. Suppose now that we have a subset Vl/ of R + as in Theorem [TJ Given A G P + , 
let £/2[<* A] be the full subcategory of G2 consisting of finite-dimensional objects V G G2 
satisfying the following: if V[y, s) is a simple constituent of V, then ^ <^ A and s = d^,(u, A). 
In particular, A] has only finitely many simple objects and is a Serre subcategory of G2- 

Theorem 2. The category £7 2 [<« ^] has enough projectives. If V(v).,Sk), k = 1,2 are simple 
objects in £/ 2 [<^ A] then 

E^ 2 (V(u 1 ,s 1 ), V(u 2 ,s 2 )) * Ext^^VK Sl ), V> 2 , a 2 )). 

If A) is a projective generator of <7 2 [<* A] we have an isomorphism of Z + -graded 

associative algebras 

End g2[ <^ A] P(<* A)^S|(<* \r 

and the category <? 2 [<* A] is equivalent to the category of left finite-dimensional S^(<^ A)- 
modules. In particular, S^(<# A) is Koszul and gl. dim S^(<^ A) < |^|. 

1.11. Once Theorem [2] is established, we then prove that is quadratic and that its 
Koszul complex is exact. Further we prove that its quadratic dual is E fl [ , op which implies that 
E£ is also Koszul. In particular, this also proves that E^(<\j, A) is isomorphic to the Yoneda 
algebra of S^(<* A) which then establishes Theorem [TJ 

In the rest of the paper, we will identify the algebra A with V® (g> A V under the natural 
isomorphism of Q-modules. The algebra structure induced on V® ®i®V is given by 

(/ <g>a®v)(g ®b®w) = g(v)f ®ab®w, a,b G A, f,g G V®, v, w G V. 



2. The categories G2 and £/ 2 [T] 

2.1. Given a G R denote by g a the corresponding root space. The subspaces n ± = 
®aeR+ S±a are Lie subalgebras of 0. Fix a Chevalley basis x^;, a G R + , hi, i G I of g and for 
a G R + , set /i Q = [ 

Let ^"(g) be the category of finite-dimensional 0-modules with the morphisms being maps 
of g-modules. We write Hom for Hom^ g ). If V G Ob^ r (0), denote 

V s = {v G V : Qv = 0} 

the subspace of 0-invariants in V. Recall that 

y=0y A , Va = {f € ^ : to = X(h)v, V/i G f)}. 
Aefj* 

Set 

v+ = { v ev ■. n + v = o}, y+ = y + n y A . 

The category J-(g) is semi-simple, i.e. any object in J-(g) is isomorphic to a direct sum of 
simple modules. 

Given A G P + let v\ G V(\) be such that 

n + « A = 0, fc« A = A(/i)« A) (^) A(/li)+ V = 0, 

for all h G f), i G I. 
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We shall use the following standard results in the course of the paper (cf. [15] for (Jn])). 
Lemma. Let X, \i G P + , V G ObT^g). Then 

(i) dimHom g (y(A),y) = dimV^, 

(ii) As vector spaces, we have 

Hom (y(A), V ® = {*> G : (s+ = = (x~ ) A ( ft ') +1 V }. □ 

(hi) Let U,V,W G Ob.F(g). The canonical map U* <8 V — > Home (17, V) is an isomor- 
phism of Q-modules and we have (U* <8 V) s = Hom ([7, V). The natural Q-module map 
Home (17 V) (8 Homc(V, W) — > Home (17, W) given by composition and its restriction to 
Hom g (C7, V) 8> Hom g (V, W) — > Hom ([/, W) induces the Q-module map (U* ® V) ® (V* (8) 
W) -> (17* <8 W) gwen fry 

(/ ® w) ® (u* <8 io ) i— > v*(v)f (8 to, 

and i/ie restriction (U* (8 ^) <8 (V* <8 W) -> (U* (8 W) fl 

2.2. Set A = P + x Z+. Given (A,r) G A, define V(A,r) G ObQ 2 by 

V(X,r)[s]=0, r^s, V(X,r)[r] = V(X), 

with 0ad^(A, r) = 0. Observe that V(0, 0) = C is the trivial g ix g a d-module. Set 

P(A, r) = U(g x g ad ) ®u(„) V(X, r). (2.1) 

Then P(X,r) G Obt/2- It is immediate from the PBW theorem that we have an isomorphism 
of Z + -graded g x g a d-modules 

P(V) = Sy^(A,r), P(X,r)[k] = s S k - r ( 0ad )®V(X,r). 

For V eObg 2 and (A,r) G A, set 

[y : V(X,r)\ = dimHom (y(A),F[r]). 

If V is finite-dimensional, then [V : V(X, r)] is just the multiplicity of V(A, r) in a Jordan- 
Holder series for V. We have 

[P(A,r) : V{n,s)] = dimRom s (V (^) , S s ~ r ( 9ad ) ® V (X)) . (2.2) 

The next proposition is easily established along the lines of Proposition 2.1]. We include 
a short sketch of the proof for the reader's convenience. 

Proposition. Let (A,r) G A. 

(i) The object V(X, r) is the unique simple quotient of P(A, r) and hence P{X, r) is its pro- 
jective cover in Qi- Moreover, the kernel of the canonical morphism P(A,r) — > V(A,r) is 
generated by P(X, r) [r + 1] . 

(ii) The isomorphism classes of simple objects in Q 2 are parametrized by pairs (A, r) G A and 
we have 

Romg 2 (V(X,r),V(ii,s)) = 0, (X,r) + (»,s), 
Eomg 2 (y(X,r),V(X,r))^C. 
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(iii) P(A, r) is the g k Q^-module generated by an element v\ with relations 

(n + )v x = 0, hv x = \(h)vx, (x-f^ +1 v x = 0, 
for all h G f) and i G I. 

(iv) // V is concentrated in degree k for some k G Z+, then V is semi-simple and P(V) = 
S(Qad)®V G ObC/2 is the projective cover ofV in Q2- Moreover, ifW is also concentrated 
in degree k, then P(V ®W)^ P(V) P(W). 

Proof. It is clear that V^A, r) is simple. To prove that P(\, r) is the projective cover of ^(A, r), 
note that it is indecomposable since it is generated by P(\,r)[r] which is isomorphic to the 
simple g-module V(X). The fact that it is projective is standard. To prove (Jn|), it suffices to 
note that any simple ^-module V must satisfy V[k] ^ for at most one k = r G Z + . In that 
case, £lad(^M) C V[r + 1] = and hence V[r] = V(X) for some A G P + . The other parts of 
the proposition are now straightforward and we omit the details. □ 

2.3. From now on we fix £ G P\ {0} and assume that = ^(^) C R + where ^(C) = {a G 
R : (a, £) = max£}. We will use the following property of these sets repeatedly in the course 
of the paper. 

Lemma. Let ^ = Suppose that 

aeR /3e^ 

Then 

^2 n /3 - ^2 m ° ( 2 - 3 ) 

/3e* aeR 
with equality if and only if m a = for all a ^ \£. 

Proof. We have 

max£ ^2 n p = ^2 n P(PiO = ^2 m a{a,£) < max£ ^ m a . 
/3G* /3eV aeR aeR 

The inequality in f|2.3|) follows since max£ > 0, while the equality holds if and only if 

m a (max( — (a, £)) = 0. 

aeR 

Since m a G Z + this implies that equality holds if and only if m a = unless (a, £) = max£. □ 

Remark. In [6] it is shown that the converse of the Lemma is true as well and that in fact if 
we let be the sum of elements in v &(^), then = ^f(p^). 
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2.4. Let r be a subset of A and fefT] be the full subcategory of Qi consisting of objects 
V such that 

Let V — » Vr be the functor from ^2 — * G2 \F] defined by requiring Vp to be the maximal Q% \F]- 
subobject of V. In general one cannot say much about these functors. However, in the next 
proposition we shall see that for some special choices of F and V the module V r := V/Vtv\v is 
an object in f/afT]. 

Given fi A G P + , let 

A(<* A) = {(u, dv,(v, A)) : v G P + , 1/ <^ A}, 

A([/i, A]#) = {(z/, d#(z/, A)) : 1/ G P + , /i ^ A}. 

The set A(<^ A) (and hence A([/i, A]*)) is finite and we denote the corresponding category by 
^2[<* A] (respectively, by <? 2 [[m> A]*]). 

Lemma. Lei A' A e P+. .Set F = A(<# A) or F = A([A', A]*) and let (ji, r) G I\ We have 

'[P(ji,r):V(y,8)], (y, s) £ F, 
0, (v,s)£T 



[PMaW-V(u,8)] 



In particular, P([i,r) r is an object in G2[F] and [P(^,r) r : V(i/, s)] = [P(/x,r) : V(u, s)] for 
all (f, s) sr. 

Proof. Set P = P(/i, r) and for any subset T' of A, let P(r') be the g-submodule of P generated 
by elements of the subspace 

{veP[s]t :(v,s)£T'}. 

The Lemma obviously follows if we prove that P(A \ F) is an object in Q2, i.e. that it is a 
Z + -graded g K g a d-module in which case we have P(fj,,r)j^\r = P(A \ T). Let v u G P[s]^ for 
some (f,s) G A \ F and let V = XJ(q)v u . Consider the map g a d <8> V — > P[s + 1] given by 
a^ad <8> f — > x a d« and suppose that its image has a non-zero projection onto some g-module 
U(fl)w(, where G P[s + 1]^ . It suffices to prove that (£, s + 1) G A \ T. Note that either 
£ = ^ or £ = ^ — (3q for some /3o G P. Assume for a contradiction that (£, s + 1) G T. 
Since (/i, r), (£, s + 1) G F, we can write 

A — (J, = n ad, A — ( = ma®, 

with ^ae* n a = f and ^ Qg$ m a = s + 1. Moreover since V = s V(u), we have 

dimHom fl (y,P(/i,r)[ S ]) = [P(/x,r) : V(u, s)] = dimHom fl (y(i/), 5 s ^( 0ad ) ® ^ 0, 

which by Lemma |2JjJn|) implies that 

v = [i-^kpfi, kp G Z+, ^^<s-r, 

/3G-R /3G-R 

which gives 

A - 1/ = n a a + 

aG* /3G-R 
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If £ = v, we now get by using Lemma [2731 that 

m a = s + 1 < ^2 n a + ^2 — s 

aG* aG* /3G-R 

which is absurd and hence we must have Q — v = (3q for some (3q G R. This gives 

A - C = maQ; = naQ! + ^ + 

ae^ aG* j3eit 

and hence 

y~] m a = ^ rt a + y~] kp + 1 < s + 1. 

a£* ae>P /3eR 

By Lemma 2.3 again, this means that hp = for all /3 ^ \P and /?o € \P. Therefore f £ A 
and d^,(u, A) = s, hence s) £T which is a contradiction. □ 

2.5. In the following Proposition we gather the properties of projectives in A] that 

will be needed later. 

Proposition. Let A' <q, A G P + . Let T = A(<m> A) or V = A([A', A]*). 

(i) If V G ObC/2[T] *s concentrated in degree r, then P(V) r is the projective cover of V 
in £/2[T]- In particular, if (/x, r) G T, £/ien P(/i,r) r is i/ie projective cover of V(fi,r) 
in (?2[r] an d ^ e category ^[r] enough projectives. 

(ii) Suppose that (£, r) ^ T and 

A - ^ = ^ n a a, n Q G Z+, ^ n Q < r. 

aGi? a-G-R 

ThenP(£,r) G Ob£ 2 [A\r]. 
(hi) For (/i, r), (f, s) G T, w;e /iai>e 

[P( M ,r) r : V>, S )] = dimHome 2 (P(M r ,P( M ,r) r ) ^ 0, 
onZy if v |U and d^(u, fj) = s — r. 
(iv) Homg 2 (P(u, s), P(/U, r)) = Homg 2 (P(^, s) r , P(//, r) r ) and i/iis isomorphism is compatible 
with compositions. 

Proof. It follows from Lemma 12.41 that if M G ObC/2[r] and (fi, r) G T, then 

Hom g2 (PGu,r) A \ r ,M) =0, 

or equivalently that 

Homg 2 (P( M , r) r , M) = Hom g2 (P( M ,r),M). (2.4) 
In particular, Homg 2 (P(/i, r) r , — ) is exact on {^[r] and hence P(/i,r) r is projective. The fact 
that it is isomorphic to the projective cover of V(fj,,r) in Gz\P] 1S immediate. 
To prove (|H1), suppose that [P(£,r) : V(v,s)] ^ for some (i/,s) G T. By (l2~2|) 
[P(£, r) : s)] = dimHom g (V», S s ~ r {Q &d ) ® F(£)) 5 
hence by Lemma l2.1ljiij ) 

— v = ~^2 maOi, m a G Z + , m Q < s — r. 

aG-R «Gi? 
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Using Lemma f2T3l we conclude that v £ A, and A) = r. This forces (£,r) 6 T 

which is a contradiction. 

To prove part (jmj) . note that (12.2f) and Lemma 12.41 imply that 

[P(^,r) r : = [P(ji,r) : V{v,s)} = dimHom fl (f (i/), 5^ r ( 0ad ) ® ^(m))- 

In particular, if [P(/i, r) r : V(v, s)] ^ 0, we must have 

[i — v = k a a, k a E Z+, 

and < X^qgr k a < s — r. Since (/i, r) G T we write A — \x = X^ae* f° r some £ a G Z + 
witn E a6 * ^ = r. Then 

A - = ^ £ a a + ^ fc a a, ^ + ^ fe Q < s- 
Since (u, s) G T it follows from Lemma 12.31 that 

hence & Q = if a ^ ^. This implies that \i v and 

^ ^ /c a = k a = s — r, 
aeR ae* 

hence dq,(fi, v) = s — r. The equality in ([TIT]) is a standard property of projectives. 
To prove part (|rv|) . note that (|2.4p implies 

Homg 2 s) r , P(>, r) r ) * Hom^P^, s), P(/i, r) r ). 

Since Homg 2 (P(i/,s),F(/i,r)) maps onto Homg 2 (P(y, s),P(/i,r) r ), part (|iv|) now follows by 
using Proposition 12.21 and Lemma 12.41 which give 

dim Homg 2 (P(v, s) r , P(/i, r) r ) = dimHomg 2 (P(^, s), P(^, r)). □ 

2.6. We can now prove one part of Theorem [2 

Proposition. Assume that T = A(<# A). The category £/2[T] equivalent to the category 
of right finite dimensional modules for the associative algebra Endg 2 [r] P(r), where P(T) = 
0^ t s ) er P(/U, s) r . Moreover, if we set 

(Endg 2[T] P(r))[k) = Hom g2[r] (P( M ,r) r ,P(z,, S ) r ), (2.5) 

(fj,,r),(u,s)£T:r— s=k 

then we have an isomorphism of Z+- graded associative algebras 

End g2[r] P(r)-S0(<* X)°p. 

In particular, &[r] is equivalent to the category of left finite dimensional S^, X) -modules. 
The corresponding results also hold for A' <^ A, T = A([A', A]$) and S^([A', A]$). 
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Proof. By Proposition I2.5l fi|). P(T) is a projective generator of ^[T]- The equivalence of 
categories is then standard and is provided by the extact functor Homg 2 (P(r), — ). To prove 
the second assertion, note that by Proposition I2.5ljmj) . (j2.5f) defines a grading on Endg 2 P(r). 
Then by Proposition I2.5t t iv|) we have 

Endg 2 P(r)^ Eomg 2 (P(fi,r),P(v,s)) 

as Z_|_-graded associative algebras. Furthermore, observe that there exists a canonical isomor- 
phism 

Romg 2 (P(n,r),P(v,s)) * Hom s (V(fi), S r ~ s ( 9ad ) ® V{u)) 

given by restriction and moreover this map is compatible with compositions, in the sense 
that if / G Homg 2 (P(fi,r), P(v, s)), g G Homg 2 (P(i/, s), P(£, k)), then the following diagram 
commutes 

S r ~ s (Q) <8 V(y) 




where ms(g) '■ ^(fl) ® S(s) ~~ > is the multiplication map. The proposition now follows 
from Lemma l2.1[jm"|) along with the observation that the multiplication of S 9 when restricted 
to l^S^r — s]l u (8 l^S 9 ^ — k]l^ is just the natural map 

(V(»y <8 S r ~ s ( 9 ) (8 V») 9 ® (V(u)* <8 S s ~ k ( Q ) <8 V(0) -» (V(»y <8 S r ~ s ( 9 ) (8 S s " fc ( ) (8 V(C)) S 
composed with 1 <8 "15(g) §5 1- □ 

3. HOMOLOGICAL PROPERTIES OF CATEGORY Q 2 

3.1. Given (//, r) G A and < j < dimg, set 

PjC^r) = S( 0ad ) (8 (A j 5ad ® V(n))\j + r], 

where we regard (A^flad ® ^(M))b + r \ as a g x g a d-module concentrated in degree (j + r) 
with the canonical g-action. In particular, Po(Mj r ) = P(A i > r ) an d the modules Pj(n,r) are 
projective in £2- 

For j G Z + with j > 0, let dj : Pj((j,,r) — > Pj_i(/i,r) be the linear map obtained by 
extending 

3 

dj(u (8 (x\ A X2 A • • • A Xj) (8 v) = ^(— l) s_1 ux s <8 (zi A • • • A A A • • • A Xj) (8 u, 

s=l 
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and let do : Po(/x,r) — » V(/x,r) be 

do(u (B)v)=uv 
where u G <S , (g a d), v G V(/i, r) and x s G g for 1 < s < j. 

Proposition. Let (//, r) G A, N = dimg. The sequence 

— > Pv(//,r) ^ Pv-i(^) ^ • • • P!( M ,r) ^> Pfor) F( Mj r) — > 
is a projective resolution ofV(fi,r) in the category Qi- 

Proof. To prove the exactness, note that the above sequence is obtained by tensoring the 
Koszul complex for S(q) with V(//, r) and introducing an appropriate grading. The map dj 
is just D (g) 1 where -D is the Koszul differential. The exactness is then standard (see for 
example |12|). It is straightforward to check that dj is a morphism in Q2 for all j, which proves 
the proposition. □ 

Corollary. Let j > 0. VFe /towe 

dj(n (8) a ® v) = (u ® 1)^(1 (g) a® v), VitG S^ad)) a G A J 0ad, v G F(/Li,r). 
In particular Im [s] =0 if j + r > s and 

Imd s _ r [s] ^ g P s _ r (/i,r)[a] = A S ~ r 0ad ® V(/i). 

Proof. The first two assertions are immediate. To prove the last assertion, observe that since 
kerd s _ r [s] = = Imd s _ r+ i[s], we get d s - r (P s - r (jJ,,r)[s]) = s P s _ r (/i, r)[s]. □ 

3.2. We can now compute the Ext spaces for all simple objects in the category Q2. 
Proposition. For all j > 0, (/x, r), (y, s) G A, 



Exd (V(ji,r),V(v,8)) 



Hom (A i g a d ® ^(m), j = s-r, 

0, otherwise. 



Proof. For j > 1, the short exact sequence 

— ► Imdj — > Pj-i(/j,,r) — > Imrfj_i — > 0, 

yields the isomorphism, 

Ext^ r), s)) Extern V(u, s)), 

and also the exact sequence 

— » Homg 2 (Imdj_i, V(u, s)) — > Homg 2 (Pj_i(/i, r), V(z/, s)) — > 

Homg 2 (Im , V(y, s)) — > Extg (Imdj_i, V(v, s)) — > 0. 
We claim that Homg 2 (Im (ij , V^, s)) = unless j = s — r which proves that 

Ext4(y(/i,r),K(i/,a))^Ext^(Imd i _ 1 ,y(i/,a)) = ) j/s-r. 
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To prove the claim, note that by Corollary 13.11 we may assume j + r < s and also that if 
v £ Im dj [s] , then 

v = ^(u P <S> l)dj(l (g) w p ), 
v 

where u p £ 5 s_r_ ^ (flad) and w p £ (A^flad ® V^/u))^' + r]. Suppose first that j + r < s. Let 
/ € Homg 2 (Imdj, V{v, s)). Then /(l®u) p ) = and so f(v) = Yl p u pf( w p) = 0> that is / = 0. 

Suppose that j = s — r. Since P s _ r _i(/x, r) is the projective cover of a semi-simple q k gad- 
module concentrated in degree s — 1, it follows that 

Homg 2 (P s ^ r -i(n,r),V{v,s)) =0, 

and hence 

Ext^ r (F( M , r), V(u, s)) Extg 2 (Im d s _ r _ l5 s)) Homg 2 (Im d s _ r , Kfa «)) 

Hom (Imd s _ 7 .[s],y(A)). 
The result follows by applying Corollary 13.11 □ 

3.3. 

Proposition. Let A' A G P + . Assume thatT = A(<$ A) orT = A([A',A]*) Let (ji, r) £ T. 
Then the induced map d^ : Pj((i, r) r — > Pj((i, r — l) r is a morphism of objects in ^[T] and the 
sequence 

— > Pv(^,r) r ^ JV-i(/i,r) r ^ ... P l( ^,r) r P(^,r) r A F( M) r) — > 

is a projective resolution ofV(/i,r) in the category ^[T]. In particular for all (v,s) £ T we 
have 

Ext^ r), V>, s)) - Ext^ (F(/x, r), s)) 

and hence 

Exe [rl (F(„, r), V(u, s)) = ( Hom ^A J 0ad ® V(/0, V(i/)), i/ <* /x, i = /,) = S - r 
t ' 21 1 10, otherwise. 

Proof. Set 

W i (/*,r) = (A i fl«d®^0/))[r + i]. 
Since Wj((J,,r) £ Ob ^2 is concentrated in degree r + j and is g-semisimple, it is also a semi- 
simple object of Q2 and so, we have a q x g a d decomposition, 

and hence by Proposition I2.2l j rv|) we have 

Pji^r) ^g 2 PiWji^r)) ^g 2 P{W j {^r) K \r)®P{W j {^rf). 
Note that [Wj(ji,r) : V(£,j + r)] ^ implies that 

/i-£=^m Q a, m Q £Z + , ^ m a < j, 

a£R a&R 



16 VYJAYANTHI CHARI AND JACOB GREENSTEIN 

and so 

It now follows from Proposition I2.5tfil|) that P(Wj(n, r)\\r) G Ob£/2[A\r], hence 
PMr) A \T =G2 nWji^r)^) ©P(iy,(/i,r) r ) Mr . 

By Lemma EH Pj(/x, r)^\ r G Ob<?2[A\r] and so Pj(iJ,r) r is a projective object in £/2[r] and 
is isomorphic to P(Wj(^, r) r ) r . All assertions are now straightforward. □ 

3.4. Let A* = Xl/3g* P- 

Lemma. (i) If fi, /j, + X 9 G P + , dimHom (F(^ + A*), A'^'sad ® ^0-0) < 1- 
(ii) There exists fi G P + such that + \y G P + and dimHom (7(^ + A<j,), f\ Qad®V(fJt)) = 
1. 

Proo/. Using LemmaE3]we see that (A'^'flad)** = c f\@e9 x and nence dim(A l *'flad)A* = 1- 
Part is now immediate from Lemma l2jjjn|) . To prove (jn]), choose k{ G Z+, £ G I such that 

(ads+^A^sJ = = (*dx-) ki+1+X *<' hi) A f)e9 x+, A* + G P+ 

and set = k{U)i. It follows from Lemma l2.1lfiij) that 

Hom a (F(A» + A*), A'^'flad ® 7(a»)) = C(\^x+. □ 

3.5. Recall that for an abelian category C which has enough injectives or projectives, 
the global dimension, written gl. dimC, equals the minimal j such that Ext£(M, N) = for 
all M,N G ObC. Note that categories £ 2 [<* A], A G P+ and £ 2 [[A', A]*], A' A have enough 
projectives by Proposition 12.41 We can now prove 

Theorem 3. Let A' <y A G P + . We have 

gl. dim A]*], gl. dim &[<* A] < |*| 

and the upper bound is attained for some A' A G P + . In particular, the algebras S^(<^ A), 
S^([A', A]^) have global dimension at most |^| and the upper bound is attained for some A' <q, 
A G P+. 

Proof. Let T = A(<\jr A). Since all objects in £/ 2 [r] have finite length, to establish an upper 
bound on the global dimension of ^a[r], it suffices to prove that for all r), (v, k) G T we 
have 

Exti 2[r] (V(^r),V(u,k)) = 0, Vj > 
By Proposition 13.21 this amounts to proving that for v /x, j = d 9 (v,fj,) 

Hom (A j 0ad ® V(jj), V(y)) + => |¥| > j. 

A weight of A^fl is the sum of at most j distinct roots. Hence by Lemma l2jjjn|) it follows 
that 

Hom (A J 0ad ® 7(/x), 7(1/)) / (3.1) 
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only if 

— v = ^ m a a, m a G {0, 1}, ^ m a < j. 

a&R a&R 

Applying Lemma 12.31 we immediately conclude that m a = unless a G * and also that 
SaG* ma = 3- Since m a G {0, 1}, it follows that |^| > j. 

To prove that the upper bound is attained, observe that by Lemma [3^tjii]) . there exists /i G 
P+ such that n + A* G P + and Hom (y(/x + A*), A'*'flad ® V(aO) 7^ 0. Then (/x, |*|) G 
A(/i + A^, 'I') and we have 

dimExtg 1 ^ + A*, 0), V{ji, |*|)) = dimHomgCA^'flad ® ^0 + A*), F(/i)) 

= dimHom g (y(/i + A*), A^'flad ® V^m)) = 1- □ 

3.6. 

Proposition. T/ie algebras S^, S|,(A <^) /iaue /e/t global dimension |*|. 

Proof. Given // G P + , let be the left simple S^-module 5 M corresponding to the idem- 
potent 1„. Then its projective cover in the category — mod/ of finite dimensional left 
S^-modules is 

Similarly, if z/ /i, P y = S^(<$ fJ>)l v - In particular, [P M : S u ] = unless v /i. Proceeding 
by induction we conclude that has a projective resolution in S% — mod/ 

» P^ — > Pfj, — > Sjj, — > 

in which [Pj[ : Sg] = unless £ /i. Therefore, this projective resolution can be regarded 
as a projective resolution for in the category S^(<^ fx) — mod/, which is equivalent to the 
category ^2[<* /■*] by Proposition 12.61 and Extg B _ mod (S^,S U ) = unless v /i. Thus, we 
have 

dimExt 'si-mo d/ (^'^) = dimExt ^(<*M)-niod/^'^) 

= dimExt^^, (V(fi, 0), V(u, d*(v, m))), 

and the result follows from Theorem [3l 

The argument for S|,(A <^) is similar, with S|,(<$ fj,) replaced by S^([A, //]$). □ 

3.7. Let A = © rgZ A[r] be a Z + -graded associative algebra such that A[0) is semi-simple. 
We can regard A[0] as a graded left A-module concentrated in degree via the canonical 
projection A — > A/ ©,->q A\j] = A[0]. Following [2j Definition 1.2.1], a given grading on A is 
said to be Koszul if A[0] admits a projective resolution 

► P 2 P 1 P° A[0] -» 

in the category of left Z + -graded ^4-modules such that P r is generated by P r [r] as a graded 
A-module. 
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Suppose that dim A[r] < oo for all r G Z + and A[0] is commutative, so that in particular we 
have A[0] = (B^eF Cl^, where the 1^ are pairwise orthogonal idempotents and F is a finite 
index set. Then we have the following numerical criterion for Koszulity ([2, Theorem 2.11.1]). 
Let 5^ = 01^ be the simple left A- module corresponding to 1 M . Set 

H(A, t) = (H(A, Vbf, H(E(A), t) = (H(E(A),t)^)^ ueF 

where 

H(A,t)^ = Y,t l dim(l^A[i]l u ), 

i>0 

H(E{A),t)w = 5>MimExt^_ mod/ (^) 

are formal power series in t with coefficients in Z + . The matrix H(A,t) is the Hilbert matrix 
of A, while H(E(A),t) is the Hilbert matrix of the Yoneda algebra of A. The algebra A is 
Koszul if and only if H(E(A), —t) is the inverse of H(A,t). 

3.8. The following proposition completes the proof of Theorem [2] 

Proposition. Let A' <^ A G P + . The natural grading on S|,(<^ A) and S^([A',A]$) is 
Koszul. 

Proof. Let F = (<* A) or F = [A', A]* and set A = S|(F). For fj, G F let 5 M be the simple 
left A-module corresponding to the idempotent 1„ and let P M = Al^ be its projective cover. 
Then [P„ : S u ] = dim(L,Al M ). 

By Proposition 12.61 the category A — mod/ is equivalent to the category (^[P]- Proposi- 
tion 12.51 gives 

dim(l M A[j]l I/ ) ^ => /x z/, j = dy(n, v). 
and using Proposition 13.31 we also have 

Ext A-mod / (^' 5 'M) ^ =>- /U I/, j = dy(fl,v). 

This shows that the matrices H(A,t) and H(E(A),t), and so their product, are all upper 
triangular. Moreover, for fi <^ v G F we have 

= S (-l) d * (M ' i d * ( ^ )+d * (M '° [P„ : Sy dim Ext*L ( ^ (% S„) 
= ^(^)£ £ (-lytP^^dimExt^^^,^) 
= ^(_i)i dimExt J A _ mod/ (P„ S,) 

— X fdv(ji,v) _ x 

Thus, the matrix H(E(A), —t) is the inverse of the matrix H(A,t) and so A is Koszul by [2] 
Theorem 2.11.1]. □ 
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4. KOSZULITY OF S| 

4.1. We shall use the following elementary result repeatedly. 

Lemma. Let M G Ob.F(g). There exists an isomorphism 

M9* V(y) ® (V(u)* ® M) 9 , 
ueP+ 

of Q-modules. In particular, if M' G Oh J-{#), then we have 

(M r ® M) 9 (M' ® ^H) 9 ® (V(i/)* ® M) 9 . 

!/GP + 

Proof. It suffices to prove the Lemma in the case when M is a direct sum of copies of V(£) 
for some £ G P + . In this case, it is clear that the map V(£) ® Hom (y(£),M) — ► M given 
by extending v ® / i— > /(f), induces an isomorphism of g-modules. The Lemma follows by 
noticing that Hom g (V(£), M) ^ ® M) s . □ 

4.2. Consider the canonical surjection II5 : T(g) — > 5(g) and let II5 : T — > S be the map 
1 ® II5 ® 1 . Identify the g-sub module of T 2 (g ) spanned by the elements {x<g>y — y ® x : x,y € g} 
(respectively, by the elements {x ® y + y ® x : x,y £ g}) with /\ 2 g (respectively, with S 2 (g)). 
Then ker Us is the ideal generated by /\ 2 g. Recall also that we have fixed ip G P such that 
^ = is a subset of We say that a subset F of P + is interval closed if for fj,, v G F 
with /U f we have [//, z/]^ C F. It is clear that II5 : Tq,(F) — > Sq,(F). We first prove 

Lemma. (i) The kernel of the restriction II 9 : T 9 —* S 9 is generated by (V® ® /\ 2 g® V) 9 C 
T 9 [2]. 

(ii) Let F C P + be interval closed. The kernel of LT 9 restricted to T^,(F) is generated by 
(V®® A 2 B®V)»nT»(F)[2]. 
Analogous statements hold for E 9 and E^(F). 

Proof. Note that for = 0, 1 we have 

T 9 [fc] = S s [k], 

and hence kerlle[/c] = in these cases. For k > 2, we have 

fc-2 

ker n| n T 9 [£;] = (V® ® ker U s [k) ® V) 9 = ^(V® ® (T j (g) ® A 2 g ® T fc ^'- 2 (g)) ® V) 9 . 

3=0 

Part (0) of the Lemma follows if we prove for all A, fi G P + and for all j, k with k > 2 
and < j < — 2, that 

1 A (V® ® (T^'(g) ® A 2 g ® T k -i- 2 ( d )) ® V)% C l A T 9 [j](V® ® A'fl ® V) 9 T 9 [fc - j - 2]1„, 

or that 

(F(A)* ® (T^'(g) ® A 2 g ® T fc ^'- 2 (g)) ® V( M ))Q 
= E (^(Ar®T^g)®y(^)) 9 (y(^)*®A 2 0^ne)) 9 (^(O*^r fc -^ 2 (g)®y(/,)) 9 (4.1) 
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(the product in the right hand side is taken in T ). But this follows from Lemma 14.11 and the 
proof of part (i) is complete. 

To prove (|n|) suppose now that A \x and that k = d^(\,fi). Again if k = 0, 1 there is 
nothing to prove. If k > 2, then by Lemma 12. II we see that 
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{v(vy 


® AV 




¥o = 








ra Q G Z + , n a < 2, 
























= 






















aeR 





But now Lemma 12.31 gives 

a ^ VP =>- m a = ra a = l a = 0, m a + n a + £ a = j. 

This means that 

A v i /i, dq,(\,v)=j, d*(i/,£) = 2, dy(£,fj,) = k — j — 2, 

and since F is interval closed we get £ F. In other words, we have proved that in the case 
when A /U and d*(A, /z) = k, the right hand side of (|4.1j) is in the ideal of T|,(F) generated 
by (V® <gi A 2 ® V) n T|(F)[2], which establishes part © of the Lemma. □ 

4.3. Before we continue proving the main result of this section, we summarize for the 
reader's convenience some standard facts about Z + -graded associative algebras. The details 
can be found in [2]. 

Suppose that A = © rgZ+ A[r] be a Z + -graded associative algebra and that A[0] is semi- 
simple. Clearly A[r] is an A[0]-bimodule for all r > and we let (t4[1]) be the r-fold 
tensor product of the A[0]-bimodule A[l] over -A[0]. Setting, 

T° A[0] (A[1]) = A[0], T A[0] (A[1)) = T r A[0] (A[l\), 

rez+ 

we see that T^Qj^fl]) is a Z + -graded associative algebra and the assignment m(a) = a, 
a G ^4[f], r = 0, 1 extends to a canonical homomorphism m : T^roj^fl]) — > A of Z+-graded 
associative algebras and ^4[0]-bimodules. The algebra ^4 is said to be quadratic if m is surjective 
and ker m is generated by kermfl r|r ,(A[l]). 

The Koszul complex for a quadratic algebra A is constructed as follows. Set 

N° A = A[0), N\ = A[1], 

r-2 

N A = fl ^M^W) ®A[o] (kermnTj [0] (A[l])) ® A[0] T^f^Afl]), r > 2. 
i=o 

Regard iV r as a graded left ^4-module concentrated in degree r via the canonical projection 
A -» A/0 i>o = A[0]. Define a map 

3 r : 4 ® A[0] iV A -» A fg> A[0 ] ^a" 1 
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by restricting the map 

A ® A[0] T r A[0] (A[l]) -> A ® A[0] T r A -](A[l}) 

x ® ai ® • • • ® Or i— > xai a2 • • • ® a r , x £ A, aj £ A[l], 1 < j < r. 

Then <9 r is a homomorphism of graded left A-modules and of A[0]-bimodules and d r -id r = 0. 
The complex of Z + -graded left ^4-modules 

• • • *±i A ® A[0] N* A ±+A ® m N A ~' 9 -^...^A ® A[0] A[l] A 

called the Koszul complex of A. By [21 Theorem 2.6.1], a quadratic algebra is Koszul if and 
only if its Koszul complex is exact. 

4.4. Let F be a subset of P + and assume that F is interval closed. Recall that 

T«[0]= C1 A , T|(F)[O] = 0C1 A , 

AeP+ xeF 

is a semisimple, commutative algebra. Clearly, if M,N are T [O]-bimodules, then for any 
A £ P + we have, 

Ml x ®t*[o] 1a-/V = M1 A (8) 1 X N. 

Further, given a T^(i ? )[0]-bimodule M, we can always regard M as a T 9 [0]-bimodule, by 
letting 1^, /x ^ -F act trivially and in that case we have 

M ® T8[0 ] N = M ® T |( F) [ ] iV. 

In particular, this implies that T T |^[ ](T|,(.F)[1]) is canonically isomorphic to a subalgebra 
of r T6 [ ](T 9 [l]) and the restriction of m maps it to T|,(F). 
Furthermore, we get 

T«[l] ® TB[0] T«[l] (W^gy^^W^g^M) 8 , 
Tf(F)[l] ® Te[0] T|(F)[1] ^ (V(\)*®Q®V(fi))a®(V(ny®9®V(v))8, 

(A,tt,i/)6F 

where 

F = {(A, £ F 3 : X <q n <^ u, d$(A, /x) = d^(fi, v) = 1}. 
Applying Lemma l4.1l now gives, 

T«[l] ® Tg[0] T«[l] - (F(A)* 

A,i/€P+ 

=S T s [2], 

while an argument identical to the one given in the proof of Lemma I4.2[fn]) shows that 

T|(F)[1] ® n[0] T«(F)[1]-T|(F)[2]. 
More generally, we see now that we have an isomorphism of T [O]-bimodules, 
(TTO?* S- T 9 [/c], (T|(F)[l])f* - T%(F)[k], k > 1. 
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The first statement of the following proposition is now immediate while the second follows by 
using Lemma 14.21 

Proposition. The map m : T TB [o](T 9 [l]) — > T is an isomorphism of Z+- graded associative 
algebras. In particular, the algebras S , E are quadratic. Similarly, for F C P + interval 
closed the restriction m : T T ^ ( -^^ ](T|,(i ? )[l]) — > T^,(F) is an isomorphism of Z + -graded 

associative algebras. In particular, the algebras S^,(F), E|L(.F) are quadratic. □ 
4.5. 

Proposition. Let A £ P + and assume that ^> = ^>{ip) for some tp £ P. The algebras S|, 
and S|,(A <^>) are Koszul. 

Proof. We use the notation of Section 023 Let A = S| and for F C P + set A{F) = S%(F). 
Clearly A = A(P + ). In Proposition 13.81 we proved that the algebra A(<-q, fi) is Koszul for all 
[i E P + . Hence the Koszul complex of this algebra is exact. We now describe the relationship 
between the Koszul complex of A and that of ^4(<* fj.), [i G P + ■ 
Setting N r = N r A and N r (F) = N r A(F) , we see that 

N r = N r l, - N r (<* (j,). 
fj,eP+ fieP+ 

This gives, 

A <8U [0] N r l^ = Al u ® A[0] l u N r l^ = Al v ® A[0] l ? iV%, 

which in turn implies that 

A ® A[0] N r l^ A(<^ fi) ^ ( <^ )[0] N r (<* n). 

Moreover this isomorphism is compatible with the maps d r and hence we get 

ker d r \ A ® m Nn„ C d r+ i{A ® A[0] iV r+1 Lj, 

which proves that the Koszul complex for A is exact. The proof when F is the set A is 
similar and we omit the details. □ 

5. Quadratic dual of the algebra S| 

There are two notions of quadratic duals which appear in the literature. One definition can 
be found in the study of Koszul quotients of path algebras of quivers. The other one given 
in [21 Definition 2.8.1] applies to quadratic algebras A which satisfy the additional condition 
that A[r], for all r > is a finitely generated left ^4[0]-module. In our case the two definitions 
are equivalent for the algebras S|,(-F) when F is finite and interval closed but only the first 
definition can be used to define the quadratic dual of S^. 
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5.1. Fix $ = ^(V>), ip€P. 

Lemma. Let F C P + be interval closed. Let A be T, S or E. Then (A|,(i ? )) op is isomorphic 
to the the subalgebra 

l /t A0[^(A,/i)]l A C A3, 

o/A*. 

Proof. Note that yl[/c]* = as g-modules if A is one of T(g), 5(g) or Moreover for 
M,N G Ob.F(g), we have (M* ® N) 3 = (N* ® M) 9 . Furthermore, if K G ObJ^g), then the 
canonical map (cf. Lemma l2.ip 

(M* ® iV) ® (A^* ® iT) -> (M* ® K f 

induces the canonical map 

{K* ® TV) 9 ® (iV* ® M) 9 -» (if* ® M) . 
Let A fj, £ F. By the above we have an isomorphism of vector spaces 
l A A»[d*(A,M)]V = (V(A)* ® A[d*(A,M)] ^H")) 9 

s (F( M )*® A[d*(A,/i)] ®^(A)) = l^A»[d*(A,M)]lA 
which extends to the isomorphism of algebras 

l M A [^(A,/,)]l A -(A (F)r. □ 

5.2. Let (•, -) s be the Killing form of g. Define (•, -)r(g) : T(g) ® T(g) — > C by extending 
linearly the assignment 

(T r ( 9 ),T s ( 9 )) = 0, r^s, 

{x\ ® • ■ ■ ® X r ,y r ® • • • ® 2/i)t( ) = (^l 5 yi)fl • • • (Sr,2/ r )fl, G 0) 1 < i < T. 

Then (•, - )T(g) i s a g-invariant symmetric bilinear form on T(g). It is easy to check that the 
restrictions of (-, -)T(g) to <S (g) ® S ' (g) and /\ g ® /\ g are non-degenerate. Since T 2 (g) = 
^ 2 (s)©A 2 Sand 

(*i y)T(g) = 0, a; G S 2 (q), y G A 2 0, 

it follows that 

{*GT 2 (g) : (x, A 2 0)t (s ) = 0} = S 2 (g). (5.1) 

5.3. Define 

( v ) :T®T->C 

by 

(/ ® a ® v, f ® b ® </) = (a, &) T (g) ^ G V, /, /' G V®, a, 6 G T(g). 
It is easy to check that (•, •) is a symmetric non-degenerate and g-invariant form. Moreover, 
(l x ua, vlp) = S x> ^{u, av), u, v G T, a G T[0], A, [i G P + . (5.2) 

Lemma. T/ie restriction of (•, •) to T ® T 9 is non-degenerate. In particular, the restriction 
of (•, •) to T (F) ® (T 9 (F)) op is non-degenerate. 
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Proof. Since 

T* = IaT^V 

x,^eP+,kez+ 

and (T[fe], T[s]) = 0, k 7^ s, it suffices to show that for ail A, /i G P + , 

x G l„T*[fc]l A , <x,l M T«[*!]l A ) =0 =>- (x,T[k\) = 0. (5.3) 

Let y G l^T[fc]l^. If i/ 7^ or £ 7^ A then (|5.3p follows from (|5.2p . Otherwise, write 
y = Yl(eP+ Vo where y^ is in the C-isotypical component of l^Tf/cJl^ = V([i)* ® T(q) <g> V(X). 
Since the form is g-invariant, it follows now that (x, y^) = if £ 7^ 0. This proves (|5.3p . The 
second assertion is immediate by Lemma 15. 11 □ 

5.4. Let F C P + be interval closed. For A = S or E, let 

R A = ker(T|(F) -> A%{F)) n T«[2], R A = {x G T*[2] : (R A , x) = 0}, 

and set 

(A|(F)) ! = (T|(F))°7(R A ). 

If F is finite, it is not hard to see that this algebra is isomorphic to the right quadratic dual 
of A%{F) as defined in [2]. 

Proposition. Let F C P + be interval closed. Then (S|,(F)) ! = (E^(F)) op . In particular, for 
all A' A G P + , the algebras E^(<# A), E|([A', A]$) are Koszul. 

Proof. To prove the first assertion, recall that by Lemma y^jjn]) 

Rs= {v{\Y®f\ 2 Q®v{n)y. 

X<iSfJ.eF :d <s (X,iM)=2 

Using Lemma 15.31 and (15. lh , we conclude that 

Rs= (v(vy®s 2 ( Q )®v(\))° 

It remains to apply Lemma iLjJJnj) and Lemma 15.11 The second assertion follows immediately 
from [2, Proposition 2.2.1]. □ 

5.5. The following proposition completes the proof of Theorem [TJ 
Proposition. Let A G P + . The algebras E^, ; E^(A <*) are Koszul. 



Proof. As in Proposition 14.51 it suffices to prove that the Koszul complex for E£ is exact. The 
argument is similar to that in Proposition 14.51 with the algebras S replaced by the correspond- 
ing algebras E and is omitted. □ 
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